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B R I E F  H I S T O R Y  

The I S 0  Recommendation R 31, Part XI, Mathematiccil Signs nnd  Syntbols for U s e  
in the Physical Sciences and Technology, was c h u  n u l )  h y  T(hcIini(*al Committee 
lSO/'I'C 12, Quantities, Units, Symbols, Conversion Factors and Conversion Tables, 
the Secretariat of which is held by the Danish Standards Association, l)arl\k 
Standartliscriiigsr~tl (1)s). 

The ISO/'l'C 12 Secretariat drew u p  two drafts in succession, the second of \\-hicIl 
was studied by the Technical Committee during its fourth meeting, held in Copen- 
hagen in November 1957. The Secretariat then prepared a third draft proposal, 
which \\.as submitted by correspondence to the Members of thc T e c h ~ ~ i c a l  Com- 
mittee and  was approved as a Draft I S 0  I\ecomment€ation. 

It should be noted that the following international organizations have had these 
draft proposals sent to theni and  have taken part in the cliscussions at the meetings 
of Technical Committee lSO/TC 12:  

International Commission on Illumination 
Iiitcrnutional Committee on Weights and l leasnrcs 
International Electrotechnical Commission 
International Union of Pure and  Applied Chemistry 
International Union of Pure and  Applied Physics 

Organisation Internationale de Métrologie IAgale. 
and  its Sub-Committee SUN 

On 29 May 1959, the Draft I S 0  Recommendation (No. 287) ivas (listributcd to a l l  
the I S 0  Member Bodies and  was approved by the follo\ving L I c m b c ~ r  I<oclit>s: 

Australia 
Austria 
Belgium 
Burma 
Canad a 
Chile 
1)enmark 
France 
Germany 

Grei!ce 
Hungary 
India 
Ireland 
.J a pa r i  

Netherlands 
New Zealand 

1% liistan 
xor\vny 

Poland 
Portugal 
Romani:{ 
Spain 
S\vcden 
S i t z er1 a n (1 
U. S.A. 
r. s. s. I\.  

'I'hrce Mrmhcr I3otlic's opposed thc approval o f  thc Draft: 
('zecliodo\.altia, Italv, United Kingdom. 

The Draft I S 0  Rcco1iinieiit1:ition n as then suhmittetl by correspondence to the I S 0  
Council, \vhich ctecitlcd, i l l  Fehruary 1961, to : i c ~ c ~ p t  it as an I S 0  l ~ F X O ~ l h I l < S -  
DATI ON. 
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lSO/R 31 /Part XI -  1961 (E) 

Mathematical Signs and Symbols for Use 
in the Physical Sciences and Technology 

Introduction 
‘l’hi<, docuiiicnf, contaiiiilig a selection o f  inntheninlicnl si!yiis niid syiirbols recommended for use in the phy- 
sical scicncrs and tcrlrnology, is part o f  a morc comprehensive publication dealing with quantities and  units 

This puhlication i\ iqcucd a\ I S 0  RecommendatioI1~atio~i H 3l/l’art I, l’ait I I ,  etc. 
\\’here sevc~.al signs or symhols \\ it11 the same meaning are  given, they a rc  on a n  equal footing. 
So reconiinendntioii i\ madc or implied ahout the fount o f  upright type in which certain mathematical symbols 
are printed. In (I:is docuincnt thc same fount is used a s  in the roloinns 6c,lleaning” and  “Rcmarhs”. 
Some principles for printing synil~ols and numhcrs arc given i n  I S 0  Recomnientlation R 3 1  /Par t  XII  e)  

1. Arithmetic, algebra and analysis of real scalar quantities 

o n  various lielcls of science ant1 teclinology. 

C 

Item 
No. - 
1 .l 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 

1.8 

1.9 

1.10 

1.11 

1.12 

1.13 

1.14 

1.15 

1.16 

Sign or  Symbol Meaning 

equal t o  

not equal t o  

identically equal t o  

corresponds t o  

approximately equal to 

approaches 

asymptotically equal t o  

proportional t o  

infinity 

smaller than 

larger than 

smaller than or  equal to  

larger than or  equal t o  

much smaller than 

much larger than 

plus 

*) Draft IS0  Recommendation No. 345 
- 3 -  

Remarks 

It is recommended not t o  use this sign wi th 
the meaning “defined as equal to”. 

Examples: 
On the basis of the equation E = r n c z ,  
1 g 
When 1 cm on a map corresponds t o  a length 
of 10 km one may wri te 1 cm ~ 1 0  km 

9 x 10’O erg 

- i s  also used 

CL i s  also used 
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lSO/R 31/Part XI - 1961 (E) 

- 
Item 
No. - 
1.17 

1.18 

1.19 

1.20 

1.21 

1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

i .2a 

1.29 

1.30 

1.31 

1.32 

1.33 

1.34 

1.35 

1.36 

I .37 

1.38 

1.39 

1.40 

I .41 

1.42 

1.43 

1.44 

1.45 

- 

Sign o r  Symbol 

- 
' X .  

P! 

2 d f /dx  f'(r) 
dx  

- d"f f l " '  
dxn 

e 

e2 exp x 

log, x 

In x log, x 

Ig z log x log,, 5 

Ib 5 log,x 

Meaning 

minus 

mu1 ti plied by 

a divided by b' 

magnitude of a 

a raised t o  the power n 

square root of a 

n'th root of a 

mean value of U 

factorial p ,  1 x 2x 3 x . . . x p  

n (n - 1) . . . (n - p + 1) 
.I x 2 x , . .  x p binomial coefficient. 

sum 

product 

function f (or f) of the variable x 

f(b) - f(4 
the l imit t o  which f(s) tends as x approaches n 

delta x = finite increment of x 

delta 5 = variation of .z 

differential coefficient of f ( z )  w i t h  respect t o  .T 

differential coefficient of order n of f(r) 

partial differential coefficient of f (z ,  q, , . .) with 
respect t o  x, when y,. . . . are held constant 

the total differential o f f  

indefinite integral of f (z )  with respect t o  x 

definite integral of f(r) from x = a t o  x = b 

base of natural logarithms 

e raised t o  the power x 

logarithm t o  the base a of x 

natural logarithm (Napierian logarithm) of x 

common (Briggsian) logarithm of x 

binary logarithm of z 

*) Some Principles for Printing Symbols and Numbers (Draft I S 0  Recommendation No. 345) 
-4- 

Remarks 

a :  b is  also used 

When the sign 4 o r  d is  t o  operate on a 
composite expression, brackets should be 
used. 

The meaning of "mean value" is not comple- 
tely defined unti l the averaging procedure i s  
specified. 

p is a positive integer 

Differentiation of a quantity w i th  respect t o  
time is also indicated by placing a dot above 
the symbol for the quantity: ds/dt = S 

f r ( . r ,y , .  . .) and f.:(r, y, . . .) arealsousec 

For integration over a closed curve, f i s  used 

e is also used 
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C 

C 

Item 
No. - 
I .46 

I .47 

1.48 

1.49 

1 .50 

I .51 

1.52 

1.53 

I .54 

1.55 

I .56 

1.57 

1.50 

1.59 

1.60 

1.61 

1.62 

I .63 

1.64 

I .65 

1.66 

1.67 

1.60 

1.69 

Sign o r  Symbol 

sin x 

cos x 

tan x, tg  x 

cot x ,  ctg x 

sec x 

cosec x 

arcsin x 

arccos x 

arctan x, arctg x 

arccot 1'. arcctg x 

arcsec s 

arccosec x 

sinh x 

cosh .r 

tanh .T 

coth x 

sech x 

cosech .T 

arsinh s 

arcosh x 

artanh s 

arcoth x 

arsech x 

arcosech t 

Meaning 

sine of x 

cosine of x 

tangent of x 

I cotangent of x, - 
tan x 

1 
secant of x ,  - 

cos x 

1 cosecant of x ,  - 
sin x 

arc sine of s 

arc cosine of I 

arc tangent of x 

arc cotangent of x 

arc secant of x 

arc cosecant of x 

hyperbolic sine of x 

hyperbolic cosine of x 

hyperbolic tangent of x 

hyperbolic cotangent of ,z 

hyperbolic secant of x 

hyperbolic cosecant of x 

inverse hyperbolic sine of x 

inverse hyperbolic cosine of x 

inverse hyperbolic tangent of x 

inverse hyperbolic cotangent of x 

inverse hyperbolic secant of x 

inverse hyperbolic cosecant of x 

- 5 -  

Remarks 

cotg x i s  also used 

The functions 1.46 t o  1.51 are called circular 
functions. See also remark which follows 1.57 

Sometimes sin-' x is used 

Sometimes cos-l x i s  used 

Sometimes tan-' I is used 

Sometimes arccotg x o r  cot-' x i s  used 

Sometimes sec-1 T is  used 

Sometimes COSCC-~  x is used 

The notation sin -'x etc. is derived from the 
fact that these functions are the inverse of 
the circular functions. Nevertheless, generally 

sin" s = (sin s)", etc. 

Sometimes sh x is  used 

Sometimes ch x is used 

Sometimes t h  x is  used 

The functions 1.58 t o  1.63 are called hyper- 
bolic functions. See also remark which follows 
1.69 

Sometimes sinh-1 x o r  arg sh x is used 

Sometimes cosh-' z o r  arg ch x is used 

Sometimes tanh-l x o r  arg t h  x is  used 

Sometimes coth-l x or  arg coth x is used 

Sometimes sech-' t is used 

Sometimes cosech-l x is used 

The notation sinh-'x etc. i s  derived from the 
fact that these functions are the inverse of 
the hyperbolic functions. Nevertheless, gene- 
rally sinh" x=(sinh x)", etc. 
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ISO/RM/Par t  XI-l961(E) 

2. Arithmetic, algebra and analysis of complex scalar quantities 
n addition to  the signs and symbols listed in 1.) - 
Item 
No. 

2.1 

2.2 

2.3 

2.4 

2.5 

- 

2.6 

~~ 

Sign o r  Symbol 

it j 

Re z 

Im  z 

1.1 
arg z 

Z* 

Meaning 
~ ~~ 

imaginary unity, ia = -1  

real part of z 

imaginary part of z 

modulus of z 
argument of z 

conjugate of z, complex conjugate of z 

3. Matrices 

Meaning I Sign o r  Symbol 

transpose of matrix A 

complex conjugate matrix of matrix A 

A +  Hermitian conjugate matrix of matrix A 

4. Algebra and analysis of vectors and other tensors 

Item 
No. 

4.1 

4.2 

4.3 

4.4 

4 q  

4.6 

4.7 

4.8 

4.9 

4.1 O 

- 

4.11 

~~ ~~ 

Sign o r  Symbol 

A, a 

1.'11, A 

A * B  

A x B ,  A A R  

v 
0% grad P 

Y - A ,  div A 

V x A ,  V A A ,  
curl A, ro t  A 

V'V* AP 

When second order tensors 
are represented by single let- 
ters, sans serif type may be 
reserved for that purpose: 
e.g. A, B 

Tensors of any order may be 
represented by letter symbols 
having indices, e.g. 

g r k t  92, dk 

~~ 

Meaning 

vector 

magnitude of vector 

scalar product 

vector product 

differential vector operator 

gradient of p 

divergence of A 

curl of A 

Laplacian of p 

-6-  

Remarks 

In electrical technology j is  generally used 

z = R e z  i Im z 

z - I z I  e 

arc z is  also used 

zz* L IzI2 

i arg z 

arg I =-- n/2 

Sometimes Z is  used instead 
of z*; but see item 1.24 

Remarks 
~ ~ _ _ ~  

2 is  obtained from A by interchanging rows 
with columns 

Each element of A* i s  the complex conjugate 
of the corresponding element of A 

A t  = A* 

-- 
Remarks 

-f 
A and (rr are also used 

Also called absolute value 

This sign is called nabla; ' i s  also used 

fired p is  also used 
ar 

curl 11 and rot '1 are also used 
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