INTERNATIONAL ISO/IEC
STANDARD 10967-3

First edition
2006-05-01

Information technology — Language
independent arithmetic —

Part 3:

Complex integer and floating point
arithmetic and complex elementary
numerical functions

Technologies de l'information — Arithmétique indépendante des
langages —

Partie 3: Arithmétique des nombres complexes entiers et en virgule
flottante et fonctions numériques élémentaires complexes

Reference number
ISO/IEC 10967-3:2006(E)

© ISO/IEC 2006



ISO/IEC 10967-3:2006(E)

PDF disclaimer

This PDF file may contain embedded typefaces. In accordance with Adobe's licensing policy, this file may be printed or viewed but
shall not be edited unless the typefaces which are embedded are licensed to and installed on the computer performing the editing. In
downloading this file, parties accept therein the responsibility of not infringing Adobe's licensing policy. The ISO Central Secretariat
accepts no liability in this area.

Adobe is a trademark of Adobe Systems Incorporated.

Details of the software products used to create this PDF file can be found in the General Info relative to the file; the PDF-creation
parameters were optimized for printing. Every care has been taken to ensure that the file is suitable for use by ISO member bodies. In
the unlikely event that a problem relating to it is found, please inform the Central Secretariat at the address given below.

© ISO/IEC 2006

All rights reserved. Unless otherwise specified, no part of this publication may be reproduced or utilized in any form or by any means,
electronic or mechanical, including photocopying and microfilm, without permission in writing from either ISO at the address below or
ISO's member body in the country of the requester.

ISO copyright office

Case postale 56 « CH-1211 Geneva 20

Tel. +412274901 11

Fax + 4122749 09 47

E-mail copyright@iso.org

Web www.iso.org
Published in Switzerland

ii © ISO/IEC 2006 — All rights reserved



ISO/IEC 10967-3:2006(E)

Contents

Foreword vii
Introduction viii
1 Scope 1
1.1 Inclusions . . . . . . . . e e e 1
1.2 Exclusions . . . . . . . . . e e 2
2 Conformity 3
3 Normative references 4
4 Symbols and definitions 4
4.1 Symbols . . . .. e 4
4.1.1 Setsandintervals. . . . . . . .. L L L L 4
4.1.2 Operators and relations . . . . . . . ... oL 4
4.1.3 Mathematical functions . . . . . ... .. ... L 5
4.1.4 Exceptional values . . . . . . .. . 6
4.1.5 Datatypes and special values . . . . . . .. .. ... ... ... ..., 6
4.1.6 Complex value constructors and complex datatype constructors . . . . . . . 8
4.2 Definitions of terms . . . . . . . .. 9
5 Specifications for imaginary and complex datatypes and operations 14
5.1 Imaginary and complex integer datatypes and operations . . . .. .. .. .. ... 14
5.1.1 The complex integer result helper function . . . . .. ... ... ... ... 15
5.1.2 Imaginary and complex integer operations . . . . . . .. .. .. ... ... 15
5.1.2.1 Complex integer comparisons . . . . . . . . .. .. ... 15
5.1.2.2  Multiplication by the imaginary unit. . . . . . .. ... ... ... 17
5.1.2.3  The real and imaginary parts of a complex value . . . . . . .. .. 17
5.1.2.4 Formation of a complex integer from two real valued integers . . . 18
5.1.2.5 Basic complex integer arithmetic . . . . . . .. .. ... ... ... 18
5.1.2.6  Absolute value and signum of integers and imaginary integers. . . 21
5.1.2.7 Divisibility interrogation . . . . .. .. ... . oo 21

5.1.2.8 Integer division and remainder extended to imaginary and complex
INEEZETS . . . o o o e e e e 22
5.1.2.9 Maximum and minimum . . . .. ... ..o 27
5.2 Imaginary and complex floating point datatypes and operations . . . . . . . . . .. 28
5.2.1 Maximum error requirements . . . . . . . .. ..o Lo oo 28
5.2.2  Sign requirements . . . . . . ... 29
5.2.3 Monotonicity requirements . . . . . . ..o 30
5.2.4 The complex floating point result helper functions . . . . . ... ... ... 30
5.2.5 Basic arithmetic for complex floating point . . . . . . ... ... ... ... 31
5.2.5.1 Complex floating point comparisons . . . . . . . . .. .. .. ... 31
5.2.5.2  Multiplication by the imaginary unit. . . . . . .. ... ... ... 33
5.2.5.3 The real and imaginary parts of a complex value . . . . . .. ... 34
5.2.5.4 Formation of a complex floating point from two floating point values 34
5.2.5.5 Fundamental complex floating point arithmetic . . . . . . . .. .. 34

© ISO/IEC 2006 — All rights reserved iii



ISO/IEC 10967-3:2006(E)

5.3

5.4

9.5

5.2.5.6  Absolute value, phase and signum of complex floating point values 38

5.2.5.7 Floor, round, and ceiling . . . . . . .. ... Lo 39
5.2.5.8 Maximum and minimum . . . .. ... 39
5.2.6 Complex sign, multiplication, and division . . . . . . .. .. ... ... ... 40
5.2.6.1 Complex signum . . . . . . .. ... 41
5.2.6.2 Complex multiplication . . . . . ... ... ... ... ... .. 41
5.2.6.3 Complex division . . . . . . . . . . . ... e 42
5.2.7 Operations for conversion from polar to Cartesian . . . . . .. .. ... .. 43
Elementary transcendental imaginary and complex floating point operations . . . . 44
5.3.1 Operations for exponentiations and logarithms . . . . . .. ... ... ... 44
5.3.1.1 Exponentiation of imaginary base to integer power . . . . . . . . . 44
5.3.1.2 Natural exponentiation . . . . .. .. ... ... ... ... ... 45
5.3.1.3 Complex exponentiation of argument base . . . ... ... .. .. 45
5.3.1.4 Complex square root . . . . . . . . ... 46
5.3.1.5 Natural logarithm . . . . .. ... ... ... .0 0L, 47
5.3.2 Operations for radian trigonometric elementary functions . . . .. ... .. 49
5.3.2.1 Radian angle normalisation . . . . . . . .. ... ... ... 49
5.3.2.2 Radiansine . . . . . . . . .. 49
5.3.2.3 Radian cosine . . . . . .. ... o 50
5.3.24 Radian tangent . . . . . . . .. ..o 50
5.3.2.5 Radian cotangent . . . . .. ... .o oo 51
5.3.2.6 Radiansecant . . . . . . .. ... oo 52
5.3.2.7 Radian cosecant . . . . . . . . ... 52
5.3.2.8 Radian arcsine . . . . ... Lo o s 53
5.3.2.9 Radian arc cosine . . . . . ... ..o 54
5.3.2.10 Radian arc tangent . . . . . . .. ..o 0oL 56
5.3.2.11 Radian arc cotangent . . . . . .. .. ... o7
5.3.2.12 Radian arc secant . . . . . . . . ... oo 58
5.3.2.13 Radian arc cosecant . . . . . . . . ... e e 59
5.3.3 Operations for hyperbolic elementary functions . . . . . .. ... ... ... 60
5.3.3.1 Hyperbolic normalisation . . . . . . .. ... .. ... ... .. .. 61
5.3.3.2 Hyperbolicsine. . . . . . . ... o 61
5.3.3.3 Hyperbolic cosine . . . . . . . .. .. o 61
5.3.3.4 Hyperbolic tangent . . . . . ... ... oL 61
5.3.3.5  Hyperbolic cotangent . . . . . ... ... ... ... 62
5.3.3.6  Hyperbolic secant . . . . . . . ... ... L. 62
5.3.3.7 Hyperbolic cosecant . . . . . . . . . ... ... ... 62
5.3.3.8 Inverse hyperbolicsine . . .. .. ... ... ... ... .. ... 62
5.3.3.9 Inverse hyperboliccosine . . . .. ... ... ... ... ...... 63
5.3.3.10 Inverse hyperbolic tangent . . . . . .. . ... ... ... ... .. 63
5.3.3.11 Inverse hyperbolic cotangent . . . . . . . . .. .. ... ... ... 64
5.3.3.12 Inverse hyperbolic secant . . . . . . . . . ... ... ... .. 64
5.3.3.13 Inverse hyperbolic cosecant . . . . . . . .. .. ... ... 65
Operations for conversion between imaginary and complex numeric datatypes . . . 65
5.4.1 Integer to complex integer conversions . . . . . . .. ... ... 65
5.4.2 Floating point to complex floating point conversions . . . . .. .. ... .. 66
Support for imaginary and complex numerals . . . . .. ... ... 67

© ISO/IEC 2006 — All rights reserved



ISO/IEC 10967-3:2006(E)

6 Notification 68
6.1 Continuation values . . . . . . . .. L 68

7 Relationship with language standards 68
8 Documentation requirements 69
Annex A (normative) Partial conformity 71
A.1 Maximum error relaxation . . . . . . .. ..o 71
A.2 Extra accuracy requirements relaxation . . . . . . ... ... L. 71
A.3 Relationships to other operations relaxation . . . . . . . ... .. ... ... .... 72
A.4 Part 1 and part 2 requirements relaxation . . . . . . . . .. ... ... ... 72
Annex B (informative) Rationale 73
B.1 Scope . . .. 73
B.1.1 Inclusions . . . . . . . . . . . . e e e 73

B.1.2 Exclusions . . . . . . . .. e 73

B.2 Conformity . . . . . . . . . 73
B.3 Normative references . . . . . . . . ..o 74
B.4 Symbols and definitions . . . . . .. ..o 74
B.4.1 Symbols . . . . . .. 74

B.4.1.1 Sets and intervals . . . . . .. L L L oo 74

B.4.1.2 Operators and relations . . . . . . . .. ... ... ... ... .. 74

B.4.1.3 Mathematical functions . . . . . .. ... .o L Lo 74

B.4.1.4 Exceptional values . . . . . .. ... ... ... . 75

B.4.1.5 Datatypes and special values . . .. .. ... ... ... .. ... 75

B.4.1.6 Complex value constructors and complex datatype constructors . 75

B.4.2 Definitions of terms . . . . . ... Lo 75

B.5 Specifications for the imaginary and complex datatypes and operations . . . . . . . 76
B.5.1 Imaginary and complex integer datatypes and operations . . ... .. ... 76

B.5.2 Imaginary and complex floating point datatypes and operations . . . . . . . 76

B.5.2.1 Maximum error requirements . . . . . . . . . . . ... ... ... 76

B.5.2.2 Sign requirements . . . . .. ... Lo Lo 76

B.5.2.3 Maximum error requirements . . . . . . . . ... ... 76

B.5.2.4 Basic arithmetic for complex floating point . . . . . .. ... ... 77

B.5.3 Elementary transcendental imaginary and complex floating point operations 78

B.5.3.1 Operations for exponentiations and logarithms . . . . . . ... .. 78

B.5.3.2 Operations for radian trigonometric elementary functions . . . . . 78

B.5.3.2.1 Radian angle normalisation . . . . . .. .. .. ... ... 78

B.5.3.22 Radiansine. . .. ... ... ... 0oL 79

B.5.3.2.3 Radian cosine . . . ... .. ... .. Lo 79

B.5.3.24 Radiantangent. . . .. . .. ... ... ... ... 79

B.5.3.2.5 Radian cotangent . . . . ... ... ... .. ....... 80

B.5.3.2.6 Radiansecant . .. ... .. ... ... ... ..., 80

B.5.3.2.7 Radian cosecant . . . . . .. ... ... ... ... .. 80

B.5.3.2.8 Radian arcsine . . ... ... ... ... . .. 80

B.5.3.2.9 Radian arccosine . ... ... ... ... ... ... .. 81

B.5.3.2.10 Radian arc tangent . . .. ... .. .. ... ... .. 81

B.5.3.2.11 Radian arc cotangent . . . . .. ... ... ... ... .. 81

© ISO/IEC 2006 — All rights reserved \"



ISO/IEC 10967-3:2006(E)

B.5.3.2.12

B.5.3.3.1
B.5.3.3.2
B.5.3.3.3
B.5.3.3.4
B.5.3.3.5
B.5.3.3.6
B.5.3.3.7
B.5.3.3.8
B.5.3.3.9
B.5.3.3.10
B.5.3.3.11
B.5.3.3.12
B.5.3.3.13

Radian arc secant
B.5.3.2.13 Radian arc cosecant
B.5.3.3 Operations for hyperbolic elementary functions
Hyperbolic normalisation
Hyperbolic sine
Hyperbolic cosine
Hyperbolic tangent
Hyperbolic cotangent
Hyperbolic secant
Hyperbolic cosecant
Inverse hyperbolic sine
Inverse hyperbolic cosine
Inverse hyperbolic tangent
Inverse hyperbolic cotangent
Inverse hyperbolic secant
Inverse hyperbolic cosecant

B.5.4 Operations for conversion between imaginary and complex numeric datatypes 84

B.5.5 Support for imaginary and complex numerals

B.6 Notification
B.6.1 Continuation values

B.7 Relationship with language standards

B.8 Documentation requirements

84

Annex C (informative) Example bindings for specific languages

C.1 Ada
C3 C++
C.4 Fortran
C.5 Common Lisp

Annex D (informative) Bibliography
Annex E (informative) Cross reference

Annex F (informative) Possible changes to part 2

Vi

85
86
96
105
113
122

133

135

147

© ISO/IEC 2006 — All rights reserved



ISO/IEC 10967-3:2006(E)

Foreword

ISO (the International Organization for Standardization) and IEC (the International Electrotechnical
Commission) form the specialized system for worldwide standardization. National bodies that are members of
ISO or IEC participate in the development of International Standards through technical committees
established by the respective organization to deal with particular fields of technical activity. ISO and IEC
technical committees collaborate in fields of mutual interest. Other international organizations, governmental
and non-governmental, in liaison with ISO and IEC, also take part in the work. In the field of information
technology, ISO and IEC have established a joint technical committee, ISO/IEC JTC 1.

International Standards are drafted in accordance with the rules given in the ISO/IEC Directives, Part 2.
The main task of the joint technical committee is to prepare International Standards. Draft International
Standards adopted by the joint technical committee are circulated to national bodies for voting. Publication as

an International Standard requires approval by at least 75 % of the national bodies casting a vote.

Attention is drawn to the possibility that some of the elements of this document may be the subject of patent
rights. ISO shall not be held responsible for identifying any or all such patent rights.

IISO/IEC 10967-3 was prepared by Joint Technical Committee ISO/IEC JTC 1, Information technology,
Subcommittee SC 22, Programming languages, their environments and system software interfaces.

ISO/IEC 10967 consists of the following parts, under the general title Information technology — Language
independent arithmetic:

— Part 1: Integer and floating point arithmetic
— Part 2: Elementary numerical functions

— Part 3: Complex integer and floating point arithmetic and complex elementary numerical functions
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