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10 Operations

10.1 Overview

This document specifies operations on SRF coordinates and, in the case of 3D object-spaces, on SRF spatial
directions, vectors and orientations. All SRFs rely on their respective embedded frames in object-space to
provide a reference orthonormal frame for such operations. Underlying some of these operations are the
similarity transformations relating two ORMs (two SRFs with the same ORM is treated as a special case).
Similarity transformations are treated first in 10.3. The general case of changing the coordinate of a position in
one SRF to its corresponding coordinate in another SRF is specified in 10.4, followed by important special
cases. The specification of a spatial direction, vector, or orientation in the context of an SRF is defined, and
operations for changing these representations from one SRF to their corresponding representations in another
SRF are specified in 10.5.

Euclidean distance in 2D and 3D object-space is specified in 10.6. Geodesic distance and azimuth on the
surface of an oblate ellipsoid (or sphere) are specified in 10.7.

10.2 Symbols and terminology

An important category of spatial operations is changing the representation of spatial information in one SRF to
the representation in a second SRF. For these SRF operations, the adjective “source” shall be used to refer to
the first SRF, and the adjective “target” shall be used to refer to the second SRF.

The symbols in Table 10.1 are used throughout this clause.

Table 10.1 — Symbols

Symbol Definition
CSs spatial coordinate system of SRFs
ORMs object reference model of SRFs
ORMRr reference ORM for a given spatial object
SRFs source spatial reference frame
SRFt target spatial reference frame
cs coordinate of a position in SRFs
dg() Euclidean distance
dg() geodesic distance
E normal embedding
Eg extended region of SRFs
Eg embedded frame of SRFs
Gs spatial generating function of CSs
Dom(Gg) domain of the generating function Gg
Rng(Gs) range of the generating function Gg
H: g similarity transformation from frame S to frame T
I identity matrix (or operator)
L localized orthonormal frame
L3p localization operator (3D)
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Symbol Definition
M+ s rotation matrix from frame Sto frame T
ng direction vector in SRFs
Py mapping equations for SRFs
P position vector
Qs inverse mapping equations for SRFs
q,r,s,t localization parameters
R rotation operator
Vs applicable region of SRFs
Vg vector quantity in SRFs
w world 3x3 transformation matrix
X
[Y] 3D position vector components in SRFs
Z1s
KT(_S displacement vector from the origin of frame T to the origin of frame S
Ax
[Ayl origin displacement vector components in SRFs
Az g
(As, @s, hs) geodetic coordinate tuple for a position in SRFs
OTcs scale factor from frame S to frame T
2 s change of basis operator from frame S to frame T

10.3 ORM operations

10.3.1 Overview

The similarity transformation (see 7.3.2) H;_g between two object reference models, source ORMs and target
ORMT underlies the coordinate operations in 10.4. There are two cases, depending on whether ORMs and
ORMTr represent the same object, or represent two different objects.

The case where ORMs and ORMrT represent the same object is addressed in 10.3.2. Although objects are often
represented by only a single object reference model, some objects, such as the Earth, are represented by many
different object reference models (see Annex E). Given a set of n object reference models for an object, there
are n(n — 1) possible source and target ORM pairs. Instead of specifying all possible similarity transformations
among these object reference models, this document reduces the requirement to specifying the reference
transformation Hg._g from each source ORM for the object, ORMs to the designated reference ORM for the
object, ORMr.

The more general case where ORMs and ORM~ represent two different objects is addressed in 10.3.3. This
includes subcases where one or both objects are represented by multiple object reference models, and where
ORMs and/or ORMr are not the reference object reference models for their respective objects. It also includes
subcases with different types of relationships between the two objects (see 8.4).

10.3.2 Relating different ORMs for the same object

If ORMs and ORMr are different object reference models that represent the same object, and therefore share
the same reference ORM, ORMR, the similarity transformation H;_g is the composition of their reference
transformations Hg._g and Hr_g, the inverse of Hg_; as shown in Figure 10.1. This is the common datum
transformation operation.
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HT<—S =HT<—R°HR<—S (101)
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ORMS HT(—S = HT(—R ° HR(—S ORMT

\ ORMy /

Figure 10.1 — Composed transformations for a single object

If ORMs is the reference ORM for the object, Hg_g reduces to the identity I. Similarly, if ORMr is the reference
ORM for the object, H;_g reduces to the identity I.

If ORMs and ORMr~ are identical, the similarity transformation H;_g reduces to the identity I (see 10.4.3 and
10.4.4). This subcase includes the relationship between a regional SRF and another SRF used as a reference
(see 8.4.2).

If ORMs is an object-fixed ORM, its reference transformation Hg._ g is a type of similarity transformation. Any 3D
or 2D similarity transformation may be represented with the STT ROTATE _SCALE_TRANSLATE in the 3D case
or STT ROTATE_SCALE _TRANSLATE 2D in the 2D case. Thus, using the notation of the STT formulation,
Hy_s may be represented as:

X X X
[y] = HR(—S ([y] ) = AR«—S + 0R<—SMR<—S [y] (102)
Z4R VAL VAL

NOTE For the Earth, the processes by which object reference models are established are based on physical
measurements. These measurements are subject to error, and therefore introduce various types of relative
distortions between object reference models. The scale factor og._g in Equation 10.2 should equal 1,0 since each
ORM is for the same object-space. However, values very close to 1,0 are allowed to account for small distortions
(see 7.3.2). The reference transformation Hgz_; from ORMr~ to the reference ORMr is also a similarity
transformation.

The similarity transformation Hy_g is:

e - 5
= Erer + (Yog ) MRLs E’]

Because the matrix Mgt is a rotation matrix, its transpose Mg _; is also its inverse Mgl;. The inverse of Mg
is also the matrix M;_g corresponding to the reverse rotations of ORMr with respect to ORMR. In particular:

— -1_ _ T
M: g = MR<—T - MR(—T

and

X X
HT(—R <[y] ) = ZT<—R + (1/0'R<—T)MT<—R [y] .
zZ4AR ZIR
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The composite operation Hr_g = Hr_r © Hgg reduces to:

X X X
— ORc.
(A (R T
Zlg VAES AL

where: (10.3)
Mr_s = M7.gr Mgres, and Ar s = Ar g + (1/0'R(_T)MT<—R Ares

If the rotations M_g and My_t are equal, then M._g is the identity matrix, and if ogx_g = orT, Hrg Simplifies
to a translation of the origin:

X X
HT(—S [yl = AT<—S + [y
zlg Z1s

Equation 10.1 and Figure 10.1 also apply to the 2D case.

If the source ORMs is a time-dependent ORM for a spatial object, ORMs(t) shall denote the source ORMs at
time t, and Hg_g(t) shall denote the similarity transformation from ORMs(t) to the object-fixed reference ORMr.
For a fixed value of time t,, Equation 10.1 and Figure 10.1 generalize to Hy_g(t,) = Hr g © Hrs(ty). The
generalization to a time-dependent target ORM~t(t) is Hr_s(t,) = Hy_r(ty) ¢ Hr.s. The generalization when
both ORMSs are time-dependent at time t, is Hr_s(ty) = Hr r(tg) © Hres(to)-

EXAMPLE ORMs(t) is the ORM EARTH_INERTIAL J2000r0 at time t. ORMR is the Earth reference ORM WGS 1984.
Because ORMs(t) and ORMr share the same embedding origin, the Hgr_s(t) transformation is a (rotation) matrix
multiplication operation (without translation). The matrix coefficients for selected values of t account for polar motion, Earth
rotation, nutation, and precession. Predicted values for these coefficients are computed and updated weekly by the
International Earth Rotation and Reference Systems Service (IERS) [IERS36]. See 7.5 for other examples of dynamic ORM
reference transformations.

10.3.3 Relating ORMSs for different objects

If ORMs and ORMTr are different object reference models that represent two different objects, a source object S
and a target object T, the similarity transformation H;_g is the composition of the reference transformation for
ORMs, Hggs, the similarity transformation between the reference object reference models of the two objects,

Hg,rg, and the inverse reference transformation for ORMv, Hr_g,, as shown in Figure 10.2.

Hr s = Hr g, © HrpcRrg © Hrges (10.4)

common
/[ source \ object-space f target \\

object-space object-space

ORMg Hi ¢ = HT‘—RT ° HRT‘_RS ° HRShs ORM;
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)

Figure 10.2 — Composed transformations for two different objects
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